A new construction of regeneration times is exploited to prove ergodic and renewal theorems for semi-Markov processes on general state spaces. This work extends results of the authors in Ann.
Introduction
This note is a continuation of [2] and [3] , where we introduced a construction of regeneration times to show that recurrent Markov chains on general state spaces act as if they had a single recurrence point which is visited infinitely often. This device was used to give renewal theoretic proofs of ergodic and renewal theorems for Markov and semi-Markov chains.
The semi-Markov results were proved under a strong aperiodicity condition on the underlying Markov chain, and a further strong restriction on the distributions of sojourn times in a state. Our objective here is to remove some of these restrictions. 
for all x 6 A , D € 6(i? ) .
We then have the following THEOREM. Assume H^.. Then (a) there exists a o-finite, invariant measure v for P which is unique up to multiplicative constants; 3. Nummelin [7] , [S] , has proved many results related to this subject, including one like the above theorem under apparently slightly stronger hypotheses. He also uses regeneration methods, but treats the semi-Markov process as a Markov chain on the enlarged state space S x R , and applies discrete renewal theory to this chain. We work instead with the continuous time process (z(t), A{t)) and use renewal theory on R to draw our conclusions. This approach seems to us to yield somewhat more transparent proofs. 4 . Nummel in has also shown (see [7] ) that a condition very close to H is always satisfied (for some k ) , provided the semi-Markov chain it satisfies a weak irreducibility condition.
5.
That (1.8) is in fact a "renewal theorem", can be seen by taking g(x, t) of the form XAx)Xj(t) for A € S , and IcR an interval.
As usual in such results, if -£V(*) is lattice, then there is a lattice version of (1.8). 6 . Similarly (l.U) can be seen to imply the convergence of p{z(t) e E) , E C S . 10. Renewal theorems of the type in (c) of the theorem under different hypotheses have been proved by Jacod [5] and Kesten [ 6 ] .
Proof of the theorem
Hypothesis H (ii) applied to D = R implies that the Markov chain {x , ; n = 0, 1, ...} is (A, X, cp, l)-recurrent in the sense of Definition (2.2) of [3] . Hence, by Theorem (6.1) of that paper, there exists a unique (up to multiplicative constants) invariant measure, say v. , for P . It is now easy to verify that
is a (necessarily unique) invariant measure for P .
As in the earlier work [2] , [3] , the basic idea behind the proof is an appropriate REGENERATION LEMMA. If H holds for some k > l , then there exists a K. random time N such that P (N < «>) = l for all x € 5 , and cc
almost surely.
Proof. Let U. = L., + ... + L, >, , and consider the "skeleton" 0 JK semi-Markov chain {(*. fe , U . _ x ) , j = 1, 2, ...} (fe is fixed throughout).
Whenever X~ € A for some j (say X . fc = x € 4 ) , randomize the next transition of the chain as follows: 
That this is in fact possible, follows from (1.3). Now since A is visited by {XyjJ infinitely often, and each time, with probability p > 0 , the next transition is distributed independently according to (cp, u) , this event will ultimately occur at some time N < °° almost surely. This proves the lemma. (The reader wishing to see a more detailed argument is referred to the proof of (3.1) in [3] , which contains a careful proof of a special case of the above lemma.) COROLLARY 1. There exists a sequence of random times //., #", . . . where v(*) is the stationary measure whose existence was asserted in part Proof. Then at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700008741
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By Theorem (6.1) of [3] we know that an invariant measure for c is given We now turn to the main part of the proof of part (b) of the theorem.
Since P (T < °°) = 1 for all x € 5 , it is sufficient to prove this X result for the case when the initial state X-is distributed according to now follows exactly as in the proof of Theorem (3.1) of [2] . Hence, since
Fi')
is non-lattice (note that this is a little weaker than the hypothesis F, non-lattice) , we have by the renewal theorem that 
Thus a(t)dt e q u a l s t h e n u m e r a t o r i n ( l . U ) . 
{E T)-1 f K(u)du as
The hypotheses on g are exactly as those in [2] , and are designed to assure this direct Riemann integrability.
To identify the limit in (1.8) we write at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700008741 
